
 
skitpo A see Shaf I I 3

Recall that the closed sets in A are those which are

The zeros of some radical ideal I The max l ideals we

corresponding to those points are those s.t.IE m

This gives rise to the following def

Det If R is a ring and E C R any set define

E C Speck

to be the prime ideals containing E The topology
on Speck in which the V E are the closed sets
is the Zariskigy check this is actually a

topology

The intersection of ideals is an ideal so
E V CEI

IdealgenbyC

Moreover TI f prime ideals containing I so I VGED

A few easy to cheek facts

1 If I JER are ideals V IJ VCI U J

Rf If PII or P 2J then P2IJ so holds

If P2IJ but doesn't contain I WLOG



then there is some a C I s.t.ae P
Thus t be J ab EP so b E P J EP

E holds D

2 VCI EV J TI I TT

3 V Ii V Ii

check 2 and 3

The set of maximal ideals maxspecR are

exactly the set of closed points in SpecR

Just as in the classical case our smallest open
sets while still large are the complements of
The closed set corresponding to a principal ideal
More precisely if f ER define

1 f _SpecR v f

i e the prime ideals that do not contain f
The open sets of this form are called distinguished
open ats

Ex Consider f xy E Kfx y

t x y x a y x y B
7 1

closed points



D f P I t ofP In the language of affine
varieties f EP there is some point in the

variety corresponding to P on which f doesn't
vanish i e some pt a b w a 1 0,6 10 i e

it doesn't lie in the coordinate axes

Ex If R has no zero divisors then o is prime
Its closure is then V O Speck the whole space
Points whose closure is the whole space are called

generic points

When is PespecR a generic point
When P E NEA primes N R the nilradical

it

f f th _0 some n

Thus Speck has a generic point N R is prime
UCR

Ex R k
g Then MCR O but O isn't

prime so there is no genericpoint of Speck

However notice that spear Vfx UV y

set S k Mx The quotient R SERKx

induces an inclusion f Specs Speck whose image
is V x



In fact any surjection of rings induces a closed immersion
on Spec

So Speck V x UVly
112

spectra.is jsmpecKcdqyD
112 112

Speckles Speckle
both of which have o as generic point

Ex If Ox is the local ring of a regular point
on a curve then Spec x o

my9
generic closedpoint point

Caution The topology on Speck is just one pieceof
data of The scheme

e.g Spec Cl Spec442 and spec k
2

are all one point sets and thus homeomorphic
However they are all very different as schemes

as we will see since the original ring is an

important part of the data

However not every scheme is of the form Speck so we

need sheaves to describe schemes more generally


